The authors of this paper deal with the existence of weak solutions to the homogenous boundary value problem for the equation -div(|∇u| p-2 ∇u) = 
Introduction
In this paper, we study the existence of solutions for the following quasi-linear elliptic problem:
where is a bounded domain in R N (N ≥ . However, we need to point out that all the papers mentioned discussed the existence of solutions by means of upper-lower solution techniques. In this paper, we apply the method of regularization and Schauder's fixed point theorem as well as a necessary compactness argument to overcome some difficulties arising from the nonlinearity of the differential operator, the singularity of nonlinear terms and the summability of the weighted function f (x) and then prove the existence of positive solutions in W 
Main results
In this section, we apply the method of regularization and Schauder's fixed point theorem to prove the existence of solutions. In order to prove the main results of this section, we consider the following auxiliary problem:
where f n = min{f (x), n}. 
Since the proof of the following lemmas are similar to that in [], we only give a sketch of the proof.
Proof Let n ∈ N be fixed. For any w ∈ L p ( ), we get that the following problem has a
We may refer to [, ] for the existence and uniqueness of the solution for problem (.). So, for any w ∈ L p ( ), we may define the mapping :
multiplying the first identity in (.) by v, and integrating over , we have
Applying the embedding theorem
which implies that
Due to the embedding
we get that is a compact operator. More-
Lemma . The sequence {u n } is increasing with respect to n. u n >  in for any ⊂⊂ , and there exists a positive constant C (independent of n) such that for all n ∈ N * ,
Proof Choosing (u n -u n+ ) + = max{u n -u n+ , } as a test function, observing that
This inequality yields (u n -u n+ ) + =  a.e. in , that is, u n ≤ u n+ for every n ∈ N * . Since the sequence u n is increasing with respect to n, we only need to prove that u  satisfies inequality (.). According to Lemma ., we know that there exists a positive constant C (only depending on
Noting that Proof We consider the existence of solutions in the case when f (x) ∈ L  ( ). Multiplying the first identity in problem (.) by u n and integrating over , we get
Then we know that there exist
, where = {x : ϕ = }. Then applying Lebesgue's dominated convergence theorem, one has that
as u n satisfies the following identity:
Combining with (.)-(.), we have that
Next, we shall prove that V = |∇u| p- ∇u a.e. in . It is easy to see that both (.) and (.)
hold for all ϕ ∈ W ,p ( ) with compact support. Thus in (.) we choose ϕ = (u n -ξ )ζ ,
where ζ ∈ C ∞  ( ), ζ ≥ , and ξ ∈ W ,p ( ), to obtain
Letting n → ∞ in (.) and using identity (.), we get
where ψ is an arbitrary function in W ,p ( ) and ε >  is a constant, we get that
Let ε →  + , we have that
Since ψ is an arbitrary function, we obtain that
We choose ψ = px, where p ∈ R N is a constant, and we have that
which yields that V = |∇u| p- ∇u a.e. in . This proves that u is a weak solution of problem 
Noting that g n converges to μ in the narrow topology of measure, one has from (.) that
as a test function in (.) with a nonhomogeneous function g n , we obtain that
≤ C, we assume that u n is any subsequence such that u n u in W ,p ( ) and u n → u in L p ( ). We show that the two limits in the theorem hold for any such subsequence. This completes the proof. Note that
By (.)-(.) and weak lower semi-continuity, we have and α > . We have the following.
In order to prove this theorem, we need the following lemma. Proof of Theorem . Multiplying the first identity in problem (.) by u n , integrating over , and applying Hölder's inequality and Lemma ., we get Then applying Lebesgue's dominated convergence theorem, we have
since u n satisfies the following identity:
(.)
In (.), letting n → ∞ and using (.) and (.), we have
Following the lines of proof of Theorem ., we get that problem (.) has a solution in W ,p  ( ).
